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APPENDIX A
PROOF OF LEMMA 2

Proof. Let eκi(t) = [ev,κi(t), ed,κi(t)]
T be the error of the

observer, where ev,κi(t) = vκi(t)−zκi0(t) and ed,κi(t) = dκi(t)−
zκi(t), we have

ėκi(t) =

[
−β1 1
−β2 0

]
eκi(t) +

[
0
1

]
ḋκi(t)

= Aeeκi(t) +B2ḋκi(t).

(A.1)

Since β1 > 0 and β2 > 0, Ae is Hurwitz. For any given symmetric
positive definite matrix Q, there exists a symmetric positive definite
matrix P1 that satisfies

AT
e P1 + P1Ae +Q = 0. (A.2)

Choose the following Lyapunov function

V1κi(t) = eTκi
(t)P1eκi(t). (A.3)

The derivative of Lyapunov function is

V̇1κi(t) = eTκi
(t)(P1Ae +AT

e P1)eκi(t) + 2eTκi
(t)P1B2ḋκi(t)

≤ −eTκi
(t)Qeκi(t) + 2∥P1B2∥ ∥eκi(t)∥ ∥ḋκi(t)∥

≤ −λmin(Q)∥eκi(t)∥
2 + 2J∥P1B2∥ ∥eκi(t)∥.

(A.4)
where λmin(Q) is the minimum eigenvalue of Q. It can be concluded
that the observation error has an upper bound (2J∥P1B2∥)/λmin(Q).
This completes the proof.

APPENDIX B
PROOF OF THEOREM 1

Proof. Consider the following Lyapunov function

V2(t) = ξ̃TFκ
(t) (Γκ ⊗ P2) ξ̃Fκ(t), (B.1)

where Γκ is defined in inequality (2). Since the topology of the
system (3) is invariant at time intervals [tκ, tκ+1) (κ = 1, 2, · · · ),

the function V2(t) is piecewise continuous and can be differentiated
over time interval [tκ, tκ+1), i.e.,

V̇2(t) =ξ̃TFκ
(t)

[
Γκ ⊗ ΩB + Ω̄L

]
ξ̃Fκ(t)

+ 2ξ̃TFκ
(t)

(
Γκ ⊗ P−1

2 B2

)
ed,Fκ(t),

(B.2)

where ΩB = P2

(
B1B

T
2 +B2α

)
+

(
B1B

T
2 +B2α

)T
P2, Ω̄L =

−δ[(Lff
κ)

TΓκ + ΓκL
ff
κ ] ⊗ P2B2B

T
2 P2. According to (2), (10) and

Young’s Inequality, we have

V̇2(t) ≤ ξ̃TFκ
(t)

[
(2−2δγκ) Γκ⊗P2B2B

T
2 P2−Γκ⊗εP2

]
ξ̃Fκ(t)

+ eTd,Fκ
(t) (Γκ ⊗ I2) ed,Fκ(t).

(B.3)
Since δ > 1/γ̄, based on Lemma 3, one has

V̇2(t) ≤− εξ̃TFκ
(t) [Γκ ⊗ P2] ξ̃Fκ(t) + (Γκ ⊗ I2) ∥ed,Fκ(t)∥

2

≤− εV2(t) + Π,
(B.4)

where Π = maxκ{Πκ}. Integrate (18) during [t+κ , t) and [t+κ−1, t
−
κ )

respectively, we can obtain

V2(t) ≤
(
V2

(
t+κ

)
− Π

ε

)
e−ε(t−t+κ ) +

Π

ε
, (B.5)

V2(t
−
κ ) ≤

(
V2

(
t+κ−1

)
− Π

ε

)
e−ε(t−κ −t+κ−1) +

Π

ε
. (B.6)

According to (9), we can get that

V2(t
+
κ ) ≤µV2(t

−
κ ) + ∆ (B.7)

hold at switching time tκ. Thus, the following inequality holds

V2(t) ≤
(
V2

(
t+κ

)
− Π

ε

)
e−ε(t−t+κ ) +

Π

ε

≤ · · ·

≤
(
V2(0)−

Π

ε

)
µκ−1e−εt +

Π

ε

+

[
(µ− 1)

Π

ε
+∆

] κ∑
σ=2

µκ−σeε(t
+
σ −t)

≤
(
V2(0)−

Π

ε

)
µN0e(

1
ς
lnµ−ε)t +

Π

ε

+

[
(µ− 1)

Π

ε
+∆

] eεN0ς
[
1− e(lnµ−ες)(κ−1)

]
1− elnµ−ες

,

(B.8)

which implies that ξ̃Fκ(t) converges to U as t → ∞. This completes
the proof.


